To understand the recently established unique magnetic and superconducting phase diagram of LaFeAsO1−xHx, we analyze the realistic multiorbital tight-binding model for x = 0 ∼ 0.4 beyond the rigid band approximation. Both the spin and orbital susceptibilities are calculated in the presence of the Coulomb and charge quadrupole interactions. It is found that both orbital and spin fluctuations strongly develop at both x ∼ 0 and 0.4, due to the strong violation of the rigid band picture in LaFeAsO1−xHx. Based on this result, we discuss the experimental phase diagram, especially the double-dome superconducting phase. Moreover, we show that the quadrupole interaction is effectively produced by the vertex correction due to Coulomb interaction, resulting in the mutual development of spin and orbital fluctuations.
Recently, very unique phase diagram of H-doped LaFeAsO, LaFeAsO 1−x H x , is determined in Ref. [13] : The structure and magnetic transitions in mother compound are replaced with the SC phase at x ∼ 0.03, and interesting double-dome structure of T c is obtained between x = 0.03 and 0.5. This fact may indicate that the two different pairing mechanisms are involved in under-and over-doped regions. The maximum T c of the first (second) dome is about 25 K (40 K) at x ∼ 0.1 (x ∼ 0.35). For x > 0.4, recent NMR measurement [14] detected the incommensurate magnetic order, in addition to the highly anisotropic electric field gradient that indicates the occurrence of the non-magnetic orbital order. In LaFeAsO 1−x H x , the electron filling per Fe is n = 6 + x since each H-dopant becomes H − ion, and therefore the electronic states are expected to be similar to those of LaFeAsO 1−x F x [13] . Based on this fact, the band structure and FSs for x = 0 ∼ 0.4 had been derived from the local-density-approximation (LDA) band calculation using the virtual crystal approximation in Ref. [13] . It is found that the rigid band picture is no more valid, since the band structure is strongly modified with increasing H-doping. The derived realistic band structure now enables us to perform quantitative theoretical study of the pairing mechanism of 1111 systems.
In this paper, we study the electronic and SC states in LaFeAsO 1−x H x for x = 0 ∼ 0.4, by constructing the realistic multiorbital models beyond the rigid band approximation. Using the random-phase-approximation (RPA), both the spin and orbital susceptibilities are calculated in the presence of the Coulomb interaction U and charge quadrupole interaction g. Assuming monotonic x-dependencies of these interactions, strong spin and orbital fluctuations are obtained for both x ∼ 0 and x ∼ 0.4. Based on this result, the origin of the doubledome structure of T c in LaFeAsO 1−x H x is discussed, by applying both the orbital-fluctuation mediated s ++ -wave scenario and spin-fluctuation mediated s ± -wave one. We discuss that g is effectively induced by the vertex correction (VC) of the Coulomb interaction beyond the RPA.
In LaFeAsO 1−x F x , the spin fluctuations observed by NMR and neutron inelastic scattering are very small in slightly over-doped compounds (x ∼ 0.08). In the over-doped compound with x = 0.14, T c increases from 20K to 43K by applying 3.7GPa, irrespective that 1/T 1 T remains very small independently of the pressure [15] . These facts indicate the weak correlation between T c and spin fluctuations. Moreover, impurity effect on T c is very small in both 1111 [16, 17] and 122 [18, 19] compounds, indicating the realization of the s ++ -wave state [20, 21] or s ± → s ++ crossover [20, 22] . Unfortunately, these ex-periments on LaFeAsO 1−x H x have not been performed. Here, we perform the LDA band calculation for LaFeAsO 1−x F x for x = 0 ∼ 0.4 using WIEN2K code, with virtual crystal approximation, in which the oxygen sites are substituted for virtual atoms with a fractional nuclear charge. In the full-potential LDA, the virtual crystal approximation works when the core electrons of the original atom and those of the substitutional atom are the same. We use the crystal structures of LaFeAsO 1−x H x reported in Refs. [23] . Next, we derive the two-dimensional five-orbital tight-binding models for each x using WANNIER90 code and WIEN2WANNIER interface [24] :
klσ c kmσ , where l, m = 1 − 5 represent the d orbitals with the order 3z 2 − r 2 , xz, yz, xy, and x 2 − y 2 : Here, we set x and y axes parallel to the nearest Fe-Fe bonds.
Figure 1 (a) shows the band structures of LaFeAsO 1−x F x in the present model. It is obvious that band structure for x = 0.4 cannot be reproduced by the rigid band shift from that for x = 0. The corresponding FSs are shown in Fig. 1 (b) and (c). Here, β 1 and β 2 are the electron-pockets, and α 1 , α 2 and γ are the hole-pockets, both of which are composed of the three xz-, yz-and xy-orbitals: The orbital character of the electron-pocket for x = 0.4 is shown in Fig. 1 
(d).
In the case of x = 0, the electron-hole (e-h) FS nesting with the nesting vector Q = (π, 0), (0, π) is the most important. On the other hand, in the case of x = 0.4, electron-electron (e-e) FS nesting Q ∼ (π, π/3), (π/3, π) is more important since the hole pockets become very small. In both x = 0 and x = 0.4, both the intra-orbital nesting (mainly xy) and inter-orbital nesting (between xz/yz and xy) are important. Then, the former (latter) nesting gives rise to the strong spin (orbital) fluctuations, as discussed in Ref. [10] . Fig. 1 (e) shows the FSs for n = 6.4 given by the model parameters for x = 0 (LaFeAsO). In this "rigidband approximation", the hole pockets disappear, and the e-e FS nesting is worse since the shape of the electronpockets are more rounded.
Next, we explain the interaction term. We introduce both the Coulomb interaction (U , U ′ , J, J ′ ) and quadrupole interaction (g). The latter interaction is
is the quadrupole interaction at ω l = 0, and ω c is the cutoff energy.Ô Γ is the quadrupole operator [10] , which has many non-zero off-diagonal elements. By introducing small g (∼ 0.2eV), strong O xz,yz -type antiferroquadrupole fluctuations are caused by the good interorbital nesting, as explained in Ref. [10] . Now, we perform the RPA for the present model at T = 0.02eV, by assuming that J = J ′ and U = U ′ + 2J, and fix the ratio J/U = 1/6. We use 64 × 64k meshes and 512 Matsubara frequencies. We set the unit of energy as eV hereafter. The spin (orbital) susceptibility in the RPA is given bŷ
where q = (q, ω l ), andΓ s(c) is the interaction matrix for the spin (charge) channel composed of U, U ′ , J, J ′ and g(ω l ) [10] .χ
−1 is the bare Green function, and ǫ n = (2n + 1)πT . The magnetic (orbital) order is realized when the spin (charge) Stoner factor α s(c) , which is the maximum eigenvalue of Γ s(c)χ(0) (q, 0), is unity. Now, we study the development of the spin susceptibility by U , by putting g = 0. Figure 2 shows the total spin susceptibility χ s (q, ω = 0) ≡ l,m χ s ll,mm (q) for x = 0, 0.14, 0.24, 0.4, by choosing the U to realize α s = 0.98. For (a) x = 0, χ s (q) has commensurate peaks at q = (π, 0) and (0, π) due to the e-h FS nesting. These peaks change to incommensurate for (b) x = 0.14, reflecting the size imbalance between electron-and holepockets. As increasing the doping further, the e-e FS nesting and e-h FS nesting become comparable. Because of the fact, χ s (q) for (c) x = 0.24 shows the double-peak structure. For (d) x = 0.4, χ s (q) shows the incommensurate peak structure due to the e-e FS nesting only. Figure 3 (a) shows the x-dependence of U c , which is the critical value of U for the spin order given by the condition α s = 1. We stress that U c in the present model is much smaller than that in the rigid band model, reflecting the good e-h (e-e) FS nesting for x < 0.24 (x > 0.24) in the present model. Moreover, U c takes the maximum value at x ≈ 0.1, and monotonically decreases by departing from x ≈ 0.1. For this reason, we can explain the magnetic orders at x ∼ 0 and 0.4, by assuming a simple monotonic x-dependence of the interaction: Here, we introduceŪ (x) by the liner interpolation between U c for x = 0 and that for x = 0.4, as shown in Fig. 3 (a) . The x-dependence ofŪ (x) might be explained by the change in the Kanamori screening, since the density of states at the Fermi level, N (0), increases by 30%, by changing x from 0 to 0.4.
We also analyze the SC state using the linearized Eliashberg equation:
where ∆ ll ′ (k) is the gap function, and λ E is the eigenvalue that reaches unity at T = T c . When T is fixed, the larger value of λ E would correspond to the higher T c . Here,Ŵ is the pairing interaction given by the RPA, (Ĝ ′ ) −1 = (Ĝ) −1 − δΣ n is the normal Green function with impurity-induced normal self-energy δΣ n , and δΣ a is the impurity-induced anomalous self-energy. The expressions are given in Ref. [10] . Hereafter, we put the orbital-diagonal on-site impurity potential as I = 1. Figure 3 (b) shows the obtained λ E as a function of x. We see that λ E has two peaks at both x = 0.04 and x = 0.36 since χ s (Q) develops toward x → 0 and 0.4. Then, the double-dome behavior of T c in LaFeAsO 1−x H x would be explained, since T c at both boundaries will be suppressed by the magnetic and orbital orders. At x ≈ 0.4, the strongest spin fluctuations are mainly induced by the e-e FS nesting with Q ≈ (π, π/3) shown in Fig. 1 (c) . Using these fluctuations, s ± -wave like pairing is obtained since the xy-orbital hole-pockets exist even at x = 0.4. However, the SC gap of the electron-pockets becomes highly anisotropic since the spin fluctuations of xz/yz-orbitals are very small.
Although the d-wave state is expected if the holepockets disappear [25] [26] [27] , the relation λ E (s ± -wave) > λ E (d-wave) is realized for x ≤ 0.4 in the present study. In both states, λ E is quickly suppressed when the impurity concentration n imp is finite, meaning that the s ± -and d-wave states are fragile against impurities.
In the next stage, we study the development of the orbital susceptibility by g, by putting U = 0. Figure 4  (a) shows the x-dependence of g c , given by the condition α c = 1. Similarly to Fig 3 (a) , we introduceḡ(x) by liner interpolation between g c for x = 0 and that for x = 0.4 in Fig. 4 (a) . Then, the orbital ordered states are realized for both x ∼ 0 and x ∼ 0.4. The obtained χ c 2424 (q) by the RPA for x = 0.4 is shown in Fig. 5 (a) . The strong orbital fluctuation at x ∼ 0.4 would originate from the fact that the t 2g orbitals degenerate [13] , and the relation N xz (0) = N yz (0) ≈ N xy (0) at x ∼ 0.4. Experimental T -linear resistivity at x ∼ 0.4 would originate from the critical development of orbital and spin fluctuations [28, 29] .
We also study the orbital-fluctuation-mediated s ++ -wave state for g =ḡ(x): Figure 4 (b) shows the obtained λ E as a function of x. Thus, double-dome behavior of T c is explained by the orbital fluctuations. The value of λ E increases for larger cutoff energy ω c : In Ref. [10] , we put ω c = 0.02 since we considered the quadrupole interaction due to the Fe-ion oscillations. However, ω c for the effective quadrupole interaction due to VC [12] depends on the electronic state and not unique. In both cases, we should use larger ω c since the used temperature (T = 0.02) is much higher than the real T c . Finally, we explain that the spin and orbital fluctuations mutually develop by taking the VC into account, as actually observed in various Fe-based superconductors [4, 14] . Beyond the RPA,χ 0 (q) in Eq. (2) is replaced withχ 0 (q) +X s(c) (q), whereX s(c) is the VC due to the Coulomb interaction for the spin (charge) channel. In Refs . [12, [30] [31] [32] , we have shown that the AslamazovLarkin-type VC gives the large mode-coupling between spin and orbital, and then the strong orbital fluctuations are triggered by the spin fluctuations. This modecoupling corresponds to the Kugel-Khomskii type spinorbital coupling in the localized picture [33] . Therefore, the RPA analysis usingŪ (x) andḡ(x) is justified by the SC-VC theory. We have recently developed the SC-VCΣ method, in which both the self-energy and the VC are taken into account [34] . Using this method, the s ++ -wave state can be realized for realistic parameters (J/U ∼ 0.1) for x ∼ 0 even for g = 0. It is an important future problem to analyze the present model using this method.
In summary, we have explained the reappearance of the spin and orbital orders in LaFeAsO 1−x H x at x ∼ 0 and x ∼ 0.4. Both spin and orbital orders originate from the commensurate e-h FS nesting for x ∼ 0, and incommensurate e-e FS nesting for x ∼ 0.4. Due to strong spin and orbital fluctuations at x ∼ 0 and 0.4, both the spin-fluctuation mediated s ± -wave state and orbitalfluctuation mediated s ++ -wave state can be realized, depending on the magnitude relation of these fluctuations. Since small impurity effect on T c for the first SC dome [16, 17] indicates the s ++ -wave state, the s ++ → s ± crossover will occur with doping, in case that the second SC dome is the s ± -wave state [10] . Thus, the impurity effect study for x ∼ 0.4 is highly required. This study has been supported by Grants-in-Aid for Scientific Research from MEXT of Japan. The part of Tokyo Tech was supported by JSPS First Program. Numerical calculations were partially performed using the Yukawa Institute Computer Facility.
